Abstract. The antiferromagnetic transition of the two dimensional Hubbard model is analyzed by comparing the available exact, numerical and mean field results. It is argued that all data is compatible with the opening of a mean field gap in a Fermi liquid of spin polarons, the so called Slater type of transition. In particular, this hypothesis explains the unusual dispersion relation of the quasiparticle bands near the transition.
The nature of the insulating phase of the Hubbard model has attracted a great deal of attention. A clarification of the universality class of the transition will greatly help in understanding the nature of the "metallic ", gapless phase away from half doping. A detailed discussion of the issue can be found in [1] . Opposing viewpoints on the problem are presented in [2, 3] . An appealing approach is the scaling analysis discussed in [1] . It is assumed that physical quantities can be expressed in terms of a single energy scale, ∆, which vanishes at the transition. A wealth of numerical results suggest that such scaling does exist. The data implies that typical length scales, ξ, scale as ∆ 1 4 . This implies the existence of a quasiparticle band, in the gapless side, with a dispersion relation of the type ǫ k ∝ k 4 [4, 5] .
The Mott transition has been extensively studied in the limit of large dimensions [6] . It is known that, in the absence of long range magnetic order and at half filling, the transition is associated to the reduction of the quasiparticle pole near the Fermi surface. The existence of long range magnetic order changes qualitatively this result [7] . The quasiparticle residue remains finite at the transition, while the spin symmetry is broken by an effective exchange field which is proportional to the staggered magnetization. Thus, the transition can be described within mean field (Slater) theory.
On the other hand, is has been argued that mean field theory is inadequate to describe the Hubbard model in two dimensions. It is usually argued that the model shows features reminiscent of one dimensional systems. In one dimension, the gapless phase has incoherent excitations (Luttinger liquid), and cannot be adiabatically derived from a conventional metallic state. Moreover, there is no evidence for the existence of long range magnetic order in the gapless phase.
In the following we will restrict our analysis to the Hubbard model with nearest neighbor hoppings only, in a bipartite (square) lattice. Extensions will be mentioned at the end. The hamiltonian is:
(1) At half filling, the mean field description gives a polarization of the two sublattices, leading to long range antiferromagnetic order. The electronic states, in the reduced Brillouin zone, can be obtained from the equation:
The solution describes an insulator, with a charge gap equal to 2∆. The magnetic excitations can be obtained from the analysis of the low amplitude fluctuations around this solution, the RPA. In this way, antiferromagnetic spin waves are found, with a spin velocity and spin stiffness in good agreement with exact calculations [8, 9] . It is worth noting that, in the limit U/t → ∞, the RPA corrections to the Hartree Fock solution reproduce the classical spin wave spectrum of the Heisenberg model [8] . Thus, the mean field solution of the Hubbard model gives a qualitatively correct picture of the spin and charge excitations in the half filled, insulating state.
A naive generalization of the previous solution to the doped case can be obtained by filling the lowest lying states in the upper Hubbard band described above. For convenience, we will use the extended zone scheme, ignoring the doubling associated to the antiferromagnetic order (used in eq. [2] ). Then, the dispersion of these states is:
2∆
. We label the corresponding creation operatorsc † k,↑ ,c † k,↓ . The minimum of the dispersion relation is along the lines k x = ±π ∓ k y . Around the points (0, ±π) or (±π, 0), the dispersion relation can be expanded as:
This dispersion relation is consistent with the results reported in [4, 5] . It is quartic in k, and flat along the direction between (0, π) and (π/2, π, 2). This dispersion relation can be understood if one assumes that electrons of a given spin can only move in a given sublattice, with hopping integral t 2 /U for the transition (0, 0) → (±2, 0), (0, ±2) and 2t
2 /U for the transition (0, 0) → (±1, ±1). The density of states, near the band edge, goes as
where |Ψ 0 is the Slater determinant which describes the antiferromagnetic insulator is intrinsically unstable, at the Hartree-Fock level [10] . It is easy to show that solutions of this type have negative compressibility, and are unstable against the charge inhomogeneities (this topic was first discussed in [11] ). To do so, we need to show that the chemical potential is lowered upon doping with electrons [12] , because the compressibility, κ, is proportional to (∂µ/∂n) −1 . The states near the gap edges are almost perfectly localized in one sublattice or the other. Thus, the additional electrons reduce the value of n ↑ − n ↓ by an amount directly proportional to the density. The gap is lowered by Un 2 , where n is the number of extra electrons per lattice site. Because of the singularity of the density of states at the gap edge, the difference between the chemical potential and the gap edge increases as δµ ∝ n 2 , neglecting logarithmic corrections. This dependence cannot compensate the decrease in the gap, ∝ n, and the chemical potential is lowered upon doping.
The transverse spin susceptibility also shows an instability. The contribution from additional electrons is:
where χ 0 is the susceptibility of an electron gas with the dispersion relation of the quasiparticles at the band edges, and i labels a given site. At low wavevectors and frequencies, equation (4) reduces to |q| 2 χ(0, 0) ∝ |q| 2 D(ǫ F ) where D(ω) is the density of states near the gap edges. When inserted into a full calculation of the susceptibility [8] , this new term induces a zero in the dispersion relation at a finite wavevector, because of the singularity in the density of states.
The previous shortcomings of the homogeneous mean field solution of the doped Hubbard model can be overcome by considering generic charge and spin textures [10] . Among the many different solutions which are extrema of the Hartree Fock solutions, spin polarons and domain walls tend to be the most stable. We will analyze the spin polaron, which is more stable at large values of U/t, and its energy is further lowered by delocalization effects (see below).
The spin polaron, in the large U limit, can be approximately described as a self localized electron (or hole) in a cluster which contains at least five sites, and with a ferromagnetic alignment of the spins in its interior. The overlap between this solution and homogeneous solutions decays with the size of the cluster as 1/L 2 [13] , implying the formation of a localized state. This state is separated from the upper (lower) Hubbard band by an energy of order t in the large U limit. This splitting suppresses the contribution of the extra electrons to the spin susceptibility, curing the instabilities of the homogeneous Hartree Fock approximation. In addition to this state, another localized level splits off from the lower (upper) band, and moves to an energy of order of a fraction of U from that band. Thus, the low energy spectral weight per electron (hole) is greater than one, in qualitative agreement with the arguments given in [18] . The Slater determinant which describes a solution of this type can be written as:
where |Ψ 0 describes, as before, the antiferromagnetic insulator at half filling. If one assumes that |Ψ 0 gives a good description of the model at half filling, the wavefunction |Ψ i can be obtained from it by adding a given number of electron-hole excitations, plus an electron at site i.
As discussed elsewhere [14, 15] , the corrections to this inhomogeneous Hartree Fock solution are of two types: low amplitude fluctuations, which can be studied within the RPA [16] , and hybridization of solutions centered at different sites [17] .
The combination of different solutions leads to wavefunctions of the type |Ψ k = i e ikri |Ψ i , and to the formation of a polaron band, whose width scales as t 2 /U in the limit of large U . Because of the extension of the individual polarons, the band cannot be parametrized in terms of a few hopping parameters, as in the homogeneous solutions described previously.
In general, one can always start from the exact state |Ψ k exact for an additional electron in the Hubbard model, and construct states of the type |Ψ i exact = k e ikri |Ψ k exact . This wavefunction, in turn, is a sum of Slater determinants like those in [5] , with varying number of electron-hole excitations added to the antiferromagnetic ground state. In the Hartree Fock approximation a single Slater determinant is selected from this superposition. In the large U limit, this scheme gives for the Hartree Fock solution of the spin polaron:
where the label i ′ denotes the four sites nearest to site i. From this wavefunction, we can construct |Ψ k for the de-localized polaron. The creation of an electron-hole cloud around the polaron reduces the spectral weight of the quasiparticle, Z = | Ψ k |c † k,↑ |Ψ 0 | 2 . In the large U limit where analytical calculations can be done, we find Z = 1/2. Hence, there are Landau quasiparticles, although with a renormalized weight. It is interesting to note that the quasiparticle weights around the Mott transition in the presence of a strong antiferromagnetic order reported in [7] are above this value.
We now analyze the weakening of the antiferromagnetic order to to the presence of holes. Within the Hartree Fock approximation, each spin polaron leads to the inversion of a spin. Thus, at this level, we expect a reduction of the staggered magnetization by δm ∝ n, where n is the number of electrons. In addition, the macroscopic spin stiffness is reduced in the presence of spin polarons. The analysis of this effect lies beyond mean field theory, and can well lead to the destruction of long range order). The mean field spin polaron has a gap in the charge excitations, which becomes of order t in the large U limit. The dynamics of the polaron, beyond mean field, introduce a new scale, the polaron bandwidth, as discussed earlier.
We can study magnetic effects at lower scales by assuming that the charge degrees of freedom are frozen, and keeping only the spin degrees of freedom.
The resulting spin hamiltonian describes the antiferromagnetic background which surrounds the (static) spin polaron, and the spins at the core of the polaron. The interaction between these spins is ferromagnetic. The formation of a bound state in the AF gap is possible because the ferromagnetic alignment of these spins. The kinetic energy from this state leads to a double exchange type of coupling, which is ferromagnetic, and of order of the energy of the state.
A systematic study of the spin excitations of a system with ferromagnetic bonds and plaquettes embedded in an antiferromagnetic background is given in [19] . The method used is the Schwinger boson representation of the spins, which reproduces well clasical spin dynamics in the large S limit, and it can also be used to study the disordered phase [20] . It is shown in [19] that the finite temperature spin stiffness and the correlation lengths are significantly suppressed by a small concentration of ferromagnetic bonds. The results there are consistent with the existence of a gap in the spin wave spectrum, at zero temperature, of order ∆ sw ∝ J AF (|J F |/J AF − 1)n, where n is the number of ferromagnetic bonds, which, in our case, is proportional to the number of electrons. Hence, long range order is destroyed, even at T = 0, with a correlation length ξ/a ∼ (|J F |/J AF − 1)n. For the spin polaron considered here, |J F | ∼ t, while J AF ∼ t 2 /U , in the large U limit. At sufficiently low dopings, ∆ sw is small, and the absence of long range order at large scales does not invalidate the mean field picture of a polaron embedded in an antiferromagnetic background. It is, however, possible that the coupling of the electron to low energy spin waves reduces significantly the quasiparticle weight.
The above analysis shows that the properties of the insulating and the lightly doped phases of the Hubbard model can be reasonably understood within mean field theory. The picture that we present is similar to the spin bag mechanism proposed for the same model [8, 21, 22] . The main difference is that previous work used homogeneous antiferro-or paramagnetic mean field solutions as starting point. In the present work, we have addressed the instabilities of these solutions, and showed how they can be overcome. The adequacy of mean field theory in describing the metal-insulator transition is due to the suppression of dynamic charge fluctuations by the formation of the staggered magnetization, as in infinite dimensions [7] .
The resulting picture leads to a flat quasiparticle band, in agreement with detailed numerical calculations. The density of states is singular at the band edges, enhancing the effects of the interactions. Note, however, that the flatness of the band, which is a typical precursor of ferromagnetism [23] , does not imply a ferromagnetic instability. The interaction between carriers of opposite spin is greatly reduced, as they are localized in different sublattices.
Within the same mean field description, it is easy to show that the homogeneous doped antiferromagnet is unstable in one dimension. However, the quasiparticle band must have quadratic dispersion relation. This is consistent with the dynamic exponent z = 2 found in the one dimensional Hubbard model [1] . In three dimensions, the dispersion relation is
, and the leading contribution to the density of states arises from the region around the points (±π/2, ±π/2, ±π/2). The density of states of the quasiparticle band rises as D(ω) ∝ ω −1/6 , and the chemical potential, at low dopings, measured from the gap edge, goes as δµ ∝ n 6/5 . Hence, the model is still unstable against charge inhomogeneities. Using the expression δµ ∝ n z/d , where d is the dimension, we find z = 18/5 [24] . It would be interesting if numerical calculations confirm this prediction. In general, our analysis gives z = 4, if d is even, and z = 6d 2+d if d is odd. For d > 4, the homogeneously doped antiferromagnet is stable. On the other hand, models with linear dispersion relation near the chemical potential at half filling, ǫ k ∝ ±|k|, should lead to a quartic dispersion in the antiferromagnetic phase, and to z = 2. The Hubbard model with nearest neighbor hopping in the honeycomb lattice [25] or the diamond lattice belongs to this class. An homogeneously doped antiferromagnet is stable in these systems.
Experiments on the dynamics of holes in CuO planes suggest that a Hubbard model with nearest neighbor hoppings only is insufficient [26, 27, 28] . The inclusion of additional hoppings is straightforward within the scheme discussed here. The new hoppings induce a quadratic dispersion at the band edges, which dominates the quartic terms discussed so far. The dynamical exponent changes to z = 2. The homogeneous mean field solutions are stable for sufficiently small values U/t, unlike in the previous cases. The parameters used in [27] , however, lead to the formation of well localized spin polarons at the mean field level. We have calculated the hole band, using the parameters given in [27] : J = [27] . Because of the antiferromagnetic background, the second half of the BZ is degenerate with the region depicted here. t ′ = −0.12eV and t ′′ = 0.08eV. The band dispersion of the spin polarons is given in fig.(1) . The agreement with the experimental data is reasonably good. Note that the band obtained within this scheme should give the center of mass of the total spectral weight, including spin wave satellites.
Finally, the instability of the homogeneous mean field solution for the doped Hubbard model can also lead to the formation of stripes, or domain walls. The existence of mean field solutions of this type is well known [10, 29, 30, 31] . Similar solutions have been found in numerical solutions of the t − J model [32] (see also [33] ). A transition from the undoped insulator to a doped system with stripes should be qualitatively different from the one described above. The stripes will remain, most likely, static, even after the inclusion of non mean field corrections. The lack of long range magnetic order can be understood from the weakening of the effective exchange coupling, and the enhancement of fluctuations [34] , as for the spin polaron solutions. Thus, we cannot rule out the possibility of a sharp discountinuity, as function of U/t and for a fixed low doping, between a gapless phase with delocalized spin polarons, and another with static domain walls.
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